
Math 134 Tutorial 8 Annuities Due, Deferred Annuities, Perpetuities
and Calculus: First Principles

An annuity due has payments at the beginning of each payment period, so interest accumulates for one
extra period.

The present value of an annuity due is P = R

(
1− (1 + i)−n

)
i

(1 + i) .

For a deferred annuity, use the combination of an annuity formula and the future value of a single amount,

S = P (1 + i)n
.

Perpetuities are annuities that have no definite time period, so the formula does not involve n.

For perpetuities, R = P .i

where R is the regular payment, P is the present value and i is the interest rate.

Some words to know:

Sinking Fund: A savings fund, often to replace equipment at a future date.
Discounting: Finding a present value.
Trust fund: A present value from which periodic withdrawals are made until the trust fund is used up.

NB! In general, LOANS and TRUST FUNDS are PRESENT VALUES.

SAVINGS are FUTURE VALUES (until you start to spend the amount saved.)

1. Betty plans to spend 2 months in a rented house in Cape Town in December 2011 and January 2012.
The monthly rent is R5 000, payable in advance. The landlord/lady can earn interest at 6% p.a.
compounded monthly.

(a) How much should Betty pay on 1 December 2011 for both months’ rent paid in advance?

(b) How much should she pay on 1 June 2011 for December and January’s rent paid in advance?

2. A satelite TV subscription is R550 per month, payable in advance. They offer a deal: pay in advance
for a year but only pay R6 050. How much will you save on this deal if interest is available to you at
7% p.a. compounded monthly?

3. Andile and Buhle both take out loans for R2 million. Andile makes equal monthly repayments over 20
years with interest charged at 16% p.a. compounded monthly. Buhle makes equal monthly repayments
over 25 years with interest charged at 13.5% p.a. compounded monthly.

(a) Without making any calculations, determine whose monthly instalments will be lowest.

(b) What is the difference between the total amount of interest paid by Andile and Buhle?

(c) What is the amount outstanding on Buhle’s loan when Andile has fininshed paying his loan?

(d) If Andile deferred payments for 5 years, and then paid the debt over 20 years at 16% p.a. com-
pounded monthly, how much interest will he pay in total?

4. Darryl plans to retire when he can live off the interest on his savings. If his monthly expenses are R20
000 per month and he earns interest at the rate of 5% p.a. compounded monthly, how much does he
need to have saved before he can retire? (Ignore inflation.)
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5. How many mistakes are there in this attempt to find the derivative of y = 2x2 + 3 by first principles?

f (x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(2x + h)2 + 3−
(
2x2 + 3

)
h

= lim
h→0

4x2 + 4xh + h2 + 3− 4x2 + 3
h

= lim
h→0

4xh + h2

h

= lim
h→0

(
4x + h2

)
= lim

h→0
4x

ANSWERS:

(1a) R9 975.12 (1b) R9 681.03

(2) R343.50

(3a) Buhle

(3b) R315 840.79

(3c) R1 013 170.62

(3d) R12 783 865.48 (or 60 cents with rounding)

(4) R4 800 000

(5) 7 mistakes.

2



Math 134 Tutorial 8 Annuities Due, Deferred Annuities, Perpetuities
and Calculus: First Principles SOLUTIONS

An annuity due has payments at the beginning of each payment period, so interest accumulates for one
extra period.

The present value of an annuity due is P = R

(
1− (1 + i)−n

)
i

(1 + i) .

For a deferred annuity, use the combination of an annuity formula and the future value of a single amount,

S = P (1 + i)n
.

Perpetuities are annuities that have no definite time period, so the formula does not involve n.

For perpetuities, R = P .i

where R is the regular payment, P is the present value and i is the interest rate.

Some words to know:

Sinking Fund: A savings fund, often to replace equipment at a future date.
Discounting: Finding a present value.
Trust fund: A present value from which periodic withdrawals are made until the trust fund is used up.

NB! In general, LOANS and TRUST FUNDS are PRESENT VALUES.

SAVINGS are FUTURE VALUES (until you start to spend the amount saved.)

1. Betty plans to spend 2 months in a rented house in Cape Town in December 2011 and January 2012.
The monthly rent is R5 000, payable in advance. The landlord/lady can earn interest at 6% p.a.
compounded monthly.

(a) How much should Betty pay on 1 December 2011 for both months’ rent paid in advance?
This is an annuity due since the payment is at the beginning of the payment periods.
R = 5000, n = 2, i = 0.06

12 = 0.005

P = 5000

(
1− (1 + 0.005)−2

)
0.005

(1 + 0.005) = 9 975. 12

(b) How much should she pay on 1 June 2011 for December and January’s rent paid in advance?
This is a deferred annuity since there is a gap between the date of payment and the date of the
annuity.
There are different ways to do this one:
Method 1: Use the present vaue of the annuity from part (a) and make that into a present value
on 1 June 2011, 6 months earlier. The landlord/lady can be gaining interest on the money in
those 6 months, so Betty should be allowed to pay less than R10 000, or R9 975.12.
Use S = P (1 + i)n where S = 9 975.12 (1 December 2011 is in the future compared to 1 June
2011), n = 6, i = 0.06

12 = 0.005

9975.12 = P (1 + 0.005)6

P = (9975.12) (1.005)−6 = 9 681.03

Method 2: Find the present value of each month’s rent and add them.
The December rent is due on 1 December 2011. If this is paid on 1 June 2011, it is paid 6
months in advance. The amount payable is found using S = P (1 + i)n where S = 5 000, n = 6,
i = 0.06

12 = 0.005.

5000 = P (1 + 0.005)6

P = 5000 (1.005)−6 = 4852.59
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The January rent is due on 1 January 2012. If this is paid on 1 June 2011, it is paid 7 months in
advance. The amount payable is
5000 = P (1 + 0.005)7

P = 5000 (1.005)−7 = 4828. 45
The total amount payable on 1 June is 4852.59 + 4828. 45 = 9681.04
(The 1 cent difference is from rounding off - in a test the answers would be rounded to the nearest
Rand.)

2. A satelite TV subscription is R550 per month, payable in advance. They offer a deal: pay in advance
for a year but only pay R6 050. How much will you save on this deal if interest is available to you at
7% p.a. compounded monthly?

The present value of 12 payments of R550 is 550

(
1−

(
1 + 0.07

12

)−12
)

0.07
12

(
1 + 0.07

12

)
= 6393. 50

If you pay for a year in advance you save 6393. 50− 6050 = 343.50.

3. Andile and Buhle both take out loans for R2 million. Andile makes equal monthly repayments over 20
years with interest charged at 16% p.a. compounded monthly. Buhle makes equal monthly repayments
over 25 years with interest charged at 13.5% p.a. compounded monthly.

(a) Without making any calculations, determine whose monthly instalments will be lowest.

(b) What is the difference between the total amount of interest paid by Andile and Buhle?

(c) What is the amount outstanding on Buhle’s loan when Andile has fininshed paying his loan?

(d) If Andile deferred payments for 5 years, and then paid the debt over 20 years at 16% p.a. com-
pounded monthly, how much interest will he pay in total?

(3a) Buhle pays over a longer time and with a lower interest rate so her payments are lower.

(3b) Andile’s payments:

P = 2000000, i = 0.16
12 , n = 240 payments

2000000 = R

(
1−

(
1 + 0.16

12

)−240
)

0.16
12

R = 27 825.12

Interest paid = Total amount paid - loan

Andile pays interest of 240 (27 825.12)− 2 000 000 = 4 678 028.51 (or 80 cents with rounding).

Buhle’s payments:

P = 2000000, i = 0.135
12 , n = 300 payments

2000000 = R

(
1−

(
1 + 0.135

12

)−300
)

0.135
12

R = 23 312.90

Interest paid = Total amount paid - loan

Buhle pays interest of 300 (23 312.90)− 2 000 000 = 4 993 869.30 (or 4 993 870 with rounding).

The difference between the total amount of interest paid by Andile and Buhle is 4 993 869.30− 4 678
028.51 = 315 840.79

(3c) Find the present value of the last 5 years of payments that Buhle would still have to make. This
gives the value of those payments excluding interest, which is the outstanding balance on the loan.
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R = 23 312.90, n = 5 (12) = 60 payments, i = 0.135
12

P = 23 312.90

(
1−

(
1 + 0.135

12

)−60
)

0.135
12

= 1 013 170.62

(3d) The loan will increase in size during the first 5 years in which no payments are made. The value
of the loan when payments start is found using S = P (1 + i)n where P = 2000000, n = 5 (12) = 60,
i = 0.16

12 .

S = 2000000
(
1 + 0.16

12

)60 = 4 427 613.77
This amount must then be paid off in 240 payments:

4 427 613.77 = R

(
1−

(
1 + 0.16

12

)−240
)

0.16
12

R = 61599.44
Interest paid = Total amount paid - loaned amount
Andile pays interest of 240 (61 599.44)−2 000 000 = 12 783 865.48 (or 60 cents with rounding). That’s
a lot more!

4. Darryl plans to retire when he can live off the interest on his savings. If his monthly expenses are R20
000 per month and he earns interest at the rate of 5% p.a. compounded monthly, how much does he
need to have saved before he can retire? (Ignore inflation.)

Treat this as a perpetuity since we don’t know the number of payments there will be. Darryl might
retire at a young age.
Monthly Interest = Present Value × i

∴ 20000 = P
(

0.05
12

)
∴ P = 4 800 000

5. How many mistakes are there in this attempt to find the derivative of y = 2x2 + 3 by first principles?

f (x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(2x + h)2 + 3−
(
2x2 + 3

)
h

= lim
h→0

4x2 + 4xh + h2 + 3− 4x2 + 3
h

= lim
h→0

4xh + h2

h

= lim
h→0

(
4x + h2

)
= lim

h→0
4x

Answer: 7 mistakes. One on each line except line 3 which has 2 mistakes.
Line 1: f (x) should be f ′ (x) or df

dx or dy
dx or y′.

Line 2: f (x + h) is 2 (x + h)2 + 3, not (2x + h)2 + 3
Line 3: 2x2 = 2.x.x not (2x)2, so the second 4x2 should be 2x2. The last 3 should be −3.

Line 4: Does not follow from the previous line because 3 + 3 = 6 not 0.
Line 5: The h in the denominator must cancel with a factor from the top. Because of the + sign on
the top, h must be factorised out before cancelling, giving lim

h→0
(4x + h) .

Line 6: When the limit as h tends to 0 is taken, the limit sign must not be written in. The line should
just be = 4x.
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